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Abstract
Let G = (V ,E) be a digraph with n vertices and m arcs without loops and multiarcs. The spectral radius
ρ(G) of G is the largest eigenvalue of its adjacency matrix. In this paper, the following sharp bounds on
ρ(G) have been obtained:
min
{√
t+
i
t+
j
: (vi , vj ) ∈ E
}
 ρ(G)  max
{√
t+
i
t+
j
: (vi , vj ) ∈ E
}
,
where G is strongly connected and t+
i
is the average 2-outdegree of vertex vi . Moreover, each equality holds
if and only if G is average 2-outdegree regular or average 2-outdegree semiregular.
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1. Introduction
Let G = (V ,E) be a digraph with n vertices and m arcs without loops and multiarcs, V =
{v1, v2, . . . , vn}. Let (u, v) be an arc of G. Then u is called the initial vertex and v is called the
terminal vertex of this arc. The outdegree d+i of a vertex vi in the digraph G is deﬁned to be the
number of arcs inGwith initial vertex vi . Let T
+
i be the sum of the outdegrees of all the vertices in
 Research supported by NNSF of China 10671074.
∗ Corresponding author.
E-mail address: ghxu@zjfc.edu.cn (G.-H. Xu).
0024-3795/$ - see front matter ( 2008 Published by Elsevier Inc.
doi:10.1016/j.laa.2008.05.006
1608 G.-H. Xu, C.-Q. Xu / Linear Algebra and its Applications 430 (2009) 1607–1612
N+(vi) = {vj : (vi, vj ) ∈ E}, and call it 2-outdegree. Furthermore, we call t+i = T
+
i
d+i
average 2-
outdegree, 1  i  n. If the average 2-outdegrees of vertices inV are the same, we callG average
2-outdegree regular digraph. If V = U ∪ W and the average 2-outdegrees of the vertices in U
and W are t+1 and t
+
2 , respectively, we call G average 2-outdegree semiregular digraph. δ
+(G) is
deﬁned to be theminimum outdegree among all the vertices ofG. For convenience, we sometimes
abbreviate δ+(G) to δ+.
The spectral radius ρ(G) of G is deﬁned to be the largest eigenvalue of its adjacency matrix
A(G). For applications it is crucial to be able to compute or at least estimate ρ(G) for a given
digraph G. This is a classical problem with numerous results pertaining to it (see [3,4,8]). Let G
be a strongly connected digraph. The following results are well known on the spectral radius of
a digraph (see [7]).
(1) min{d+i : vi ∈ V }  ρ(G)  max{d+i : vi ∈ V }.
Each equality holds if and only if G is outdegree regular.
(2) min{t+i : vi ∈ V }  ρ(G)  max{t+i : vi ∈ V }.
Each equality holds if and only if G is average 2-outdegree regular.
In [8], There are some good bounds for ρ(G) as follow.
(3) min
{√
T +i : vi ∈ V
}
 ρ(G)  max
{√
T +i : vi ∈ V
}
.
Each equality holds if and only if G is outdegree regular or outdegree semiregular.
(4) min
{√∑
(vi ,vj )∈E T
+
j
d+i
: vi ∈ V
}
 ρ(G)  max
{√∑
(vi ,vj )∈E T
+
j
d+i
: vi ∈ V
}
.
Each equality holds if and only if G is average 2-outdegree regular or average 2-outdegree
semiregular.
Also, it was proved in [8] that the result (3) can be obtained from (4). In this paper, we
further study the spectral radius of a digraph and obtain some new sharp bounds on it. In fact, for
undirected graphs, the following result has been obtained in [5].
Theorem 1. If G is a simple connected undirected graph and ρ(G) is the spectral radius, then
ρ(G)  max
{√
ti tj : [vi, vj ] ∈ E
}
,
where ti is the average degree of the vertices adjacent to vi ∈ V. Moreover, the equality if and
only if G is either a graph with all the vertices of equal average degree or a bipartite graph with
vertices of same set having equal average degree.
Now, we will give a generation of their result on spectral radius for digraphs. And we will
prove that the results (1) and (2) can be obtained from our results. Meanwhile, we will mention
that our result is stronger than the results (3) and (4) sometimes. The terminologies not deﬁned
here can be found in [2,3].
2. Lemmas and results
First, we have the following lemmas.
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Lemma 2.1 [1]. Let A be a nonnegative matrix of order n. Ri be the ith row sum of A. Then
min{Ri : 1  i  n}  ρ(A)  max{Ri : 1  i  n}
If A is irreducible, then each equality holds if and only if R1 = R2 = · · · = Rn.
Lemma 2.2 [6]. Let G be a digraph on n(n  1) vertices. Let v ∈ V (G) and d+(v) = 0 (or
d−(v) = 0). Then G − v has same nonzero eigenvalues as G.
So if G is a digraph with some vertices that their outdegrees are zero, we can delete all this
kind of vertices. Then we can obtain a new digraph with δ+  1 or we can know that ρ(G) = 0.
Lemma 2.3. Let G be an average 2-outdegree semiregular digraph and V = U ∪ W. Let the
average 2-outdegrees of the vertices in U and W be t+1 and t
+
2 , respectively. Then
ρ(G) =
√
t+1 t
+
2 .
Proof. Let A(G) be the adjacency matrix of G. Obviously, ρ(G) is the spectral radius of
the matrix M = K−1(D−1(G)A(G)D(G))K too. Where D(G) = diag(d+1 , d+2 , . . . , d+n ), K =
diag(k1, k2, . . . , kn), ki =
√
t+1 when vi ∈ U and ki =
√
t+2 when vi ∈ W , 1  i  n. Then the
(i, j) th element of the matrix M is equal to⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
√
t+2
t+1
d+j
d+i
if (vi, vj ) ∈ E and vi ∈ U ;√
t+1
t+2
d+j
d+i
if (vi, vj ) ∈ E and vi ∈ W ;
0 otherwise.
So each row sum of the matrix M is equal to
√
t+1 t
+
2 . Thus, by Lemma 2.1, we have
ρ(G) =
√
t+1 t
+
2 . 
Remark 2.1. If G is an average 2-outdegree regular digraph (i.e. t+1 = t+2 ), by this lemma, we
know that ρ(G) = t+1 .
By using these lemmas, we can obtain a sharp upper bound on the spectral radius of digraphs.
Theorem 2.1. Let G be a digraph on n vertices and δ+ be the minimum outdegree of G, δ+  1.
Then
ρ(G)  max
{√
t+i t
+
j : (vi, vj ) ∈ E
}
. (2.1)
Moreover, if G is a strongly connected digraph, the equality holds if and only if G is average
2-outdegree regular or average 2-outdegree semiregular.
Proof. Let X = (x1, x2, . . . , xn)T be an eigenvector of D(G)−1A(G)D(G) corresponding to
the spectral radius ρ(G). Also let one eigencomponent (say x1) be equal to 1 and the other
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eigencomponents be less than or equal to 1, that is, x1 = 1 and 0 < xk  1 for all k. Let x2 =
max{xk : (v1, vk) ∈ E}. Now the (i, j)th element of D(G)−1A(G)D(G) is⎧⎨
⎩
d+j
d+i
if (vi, vj ) ∈ E;
0 otherwise.
We have
{D(G)−1A(G)D(G)}X = ρ(G)X. (2.2)
From the ﬁrst equation of (2.2), we have
ρ(G)xi =
∑
k
{d+k xk/d+1 : (v1, vk) ∈ E};
i.e.
ρ(G)  t+1 x2. (2.3)
From the second equation of (2.2), we have
ρ(G)x2 =
∑
k
{d+k xk/d+2 : (v2, vk) ∈ E};
i.e.
ρ(G)x2  t+2 . (2.4)
From (2.3) and (2.4), we get
ρ2(G)  t+1 ρ(G)x2  t
+
1 t
+
2 .
Therefore, ρ(G) 
√
t+1 t
+
2 .
Hence, ρ(G)  max{
√
t+i t
+
j : (vi, vj ) ∈ E}.
Now suppose that the equality in (2.1) holds. Then all inequalities in the above argument must
be equalities. In particular, we have from (2.3) that xk = x2 for all k such that (v1, vk) ∈ E. Also
from (2.4) that xk = x1 = 1 for all k such that (v2, vk) ∈ E.
Case 1. x2 = 1.
Let V1 = {vk : xk = 1}. If V1 /= V (G), there exist vertices vr ; vp ∈ V1; vq /∈ V1 such that
(vr , vp) ∈ E and (vp, vq) ∈ E since G is strongly connected. Therefore, from ρ(G)xr =∑
j {d+j xj /d+r : (vr , vj ) ∈ E}  t+r andρ(G)xp =
∑
j {d+j xj /d+p : (vp, vj ) ∈ E} < t+p ,wehave
ρ(G) <
√
t+r t+p , which contradicts that the equality holds in (2.1). Thus V1 = V (G) and G is a
digraph with all the vertices have equal average 2-outdegree. SoG is average 2-outdegree regular.
Case 2. x2 < 1.
Then xk = 1 for vk ∈ N+(v2) and xk = x2 for vk ∈ N+(v1). Let U = {vk : xk = 1} and W =
{vk : xk = x2}. So N+(v2) ⊆ U and N+(v1) ⊆ W . Furthermore, for any vertex
vr ∈ N+(N+(v1)), there exists a vertex vp ∈ N+(v1) such that (v1, vp) ∈ E; (vr , vp) ∈ E.
Therefore, xp = x2 and ρ(G)xp = ∑k{d+k xk/d+p : (vp, vk) ∈ E}  t+p . Using (2.3), we get
ρ2(G)  t+1 t+p . We have ρ(G) = max
{√
t+i t
+
j : (vi, vj ) ∈ E
}
, therefore ρ2(G)  t+1 t+p , which
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shows that xr = 1. Hence N+(N+(v1)) ⊆ U . By a similar argument, we can show that
N+(N+(v2) ⊆ W . Continuing the procedure, it is easy to see, since G is strongly connected,
that V = U ∪ W and that the directed subgraphs induced by U and W , respectively are empty
digraphs. Hence G is average 2-outdegree semiregular. Moreover, the average 2-outdegrees of
vertices in U are the same and the average 2-outdegrees of vertices in W are also the same.
Conversely, ifG is average2-outdegree regular, obviously the equality is satisﬁed. Furthermore,
if G is average 2-outdegree semiregular, using Lemma 2.3, we can show that the equality in (2.1)
holds. 
Similarly, by using the above lemmas, we can obtain a sharp lower bound on the spectral radius
ρ(G).
Theorem 2.2. Let G be a strongly connected digraph. Then
ρ(G)  min
{√
t+i t
+
j : (vi, vj ) ∈ E
}
.
Moreover, the equality holds if and only if G is average 2-outdegree regular or average
2-outdegree semiregular.
Proof. Let X = (x1, x2, . . . , xn)T be an eigenvector of D(G)−1A(G)D(G) corresponding to
the spectral radius ρ(G). Also let one eigencomponent (say x1) be equal to 1 and the other
eigencomponents be greater than or equal to 1, that is, x1 = 1 and xk  1 for all k. Let x2 =
min{xk : (v1, vk) ∈ E}. Then we have
{D(G)−1A(G)D(G)}X = ρ(G)X. (2.5)
From the ﬁrst equation of (2.5), we have
ρ(G)x1 =
∑
k
{d+k xk/d+1 : (v1, vk) ∈ E}  t+1 x2. (2.6)
And from the second equation of (2.5), we have
ρ(G)x2 =
∑
k
{d+k xk/d+2 : (v2, vk) ∈ E}  t+2 . (2.7)
From (2.6) and (2.7), we get
ρ2(G)  t+1 ρ(G)x2  t
+
1 t
+
2 .
Therefore, ρ(G) 
√
t+1 t
+
2 .
Hence, ρ(G)  min
{√
t+i t
+
j : 1  i; j  n; (vi, vj ) ∈ E
}
.
Similarly as the proof of theorem 2.1, we can show that the equality holds if and only if G is
average 2-outdegree regular or average 2-outdegree semiregular. 
From Theorems 2.1 and 2.2, we can easily obtain the following results that was mentioned in
section 1 as the results (1) and (2).
Corollary 2.1 [7]. Let G be a strongly connected digraph. Then
(1) min{d+i : vi ∈ V }  ρ(G)  max{d+i : vi ∈ V }.
Each equality holds if and only if G is outdegree regular.
1612 G.-H. Xu, C.-Q. Xu / Linear Algebra and its Applications 430 (2009) 1607–1612
(2) min{t+i : vi ∈ V }  ρ(G)  max{t+i : vi ∈ V }.
Each equality holds if and only if G is average 2-outdegree regular.
Example 2.1. Consider the digraph G with the adjacency matrix
A =
⎛
⎜⎜⎜⎜⎝
0 0 0 1 1
1 0 1 1 0
1 1 0 0 0
0 0 1 0 1
0 1 1 0 0
⎞
⎟⎟⎟⎟⎠ .
It is not difﬁcult to know thatmax
{∑
(vi ,vj )∈E T
+
j
d+i
: vi ∈ V
}
=6 andmax{t+i t+j : (vi, vj )∈E}=
35
6 . So it means that sometimes our result is stronger than the result (4). Of course, it is not
always true. For instance, for the same digraph G, we have min
{∑
(vi ,vj )∈E T
+
j
d+i
: vi ∈ V
}
= 133
and min{t+i t+j : (vi, vj ) ∈ E} = 2.
Remark 2.2. Obviously, for a digraph G, we can deﬁne its in-degrees, 2-indegrees and average
2-indegrees, etc. So we can easily obtain some similar results as Theorems 2.1 and 2.2 that relate
ρ(G) to average 2-indegrees of vertices in G.
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